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ABSTRACT: The  paper  presents an analysis  of l amina r  flow of a f i lm 

of v i scoe las t ic  fluid f lowing under g rav i ty  down an inf in i te  inc l ined  

p lane .  It is assumed that  the m e c h a n i c a l  behavior  of the f luid can  

be represented by a gene ra l i zed  Maxwel l  mode l ,  whose cons t i tu t ive  
equa t ion  conta ins  a t i m e  de r iva t ive  of the  devia tor  of the  stress tensor 

in the Jaumann sense [1, 2]. The equat ions of mot ion  of the v isco-  

e las t ic  fluid considered here  a d m i t  an exac t  solut ion for the case of  

r e c t i l i nea r  l a m i n a r  flow with a p l a n e  free boundary.  The  s t ab i l i ty  

of this  flow with respect  to surface waves is inves t iga ted  by the 

method  of successive approximat ions  described in [3, 4]. 

1. The v i scoe las t i c  flow of severa l  r ea l  fluids can  be approxi -  

m a t e l y  descr ibed by the gene ra l i z ed  Maxwel l  model  [2] 

{Osi~ Osi~ \ 
e i i =  0, sih = 21xelk - -  ~. \ m * -  + vj ~ + ohjs~h + (OkjSij ] (1. i)  

I [Ovh Oz,~\ 1 [Ov~ Ov~ 
ei~ = -~- \ - ~ i  + ~z~), oh~ = T \ ~ i - -  Ozh ) ( i , / , k = 1 , 2 , 3 ) .  

Here Sik are  the componentS of the devia tor  of the stress tensor,  vj 
are the components  of the ve loc i ty  vector ,  g is the coef f ic ien t  of 

viscosi ty,  X is the r e l axa t ion  t ime ,  and xj are rec tangula r  Car tes ian  

coordinates .  
The  v i scoe las t i c  flow of a re lax ing  fluid with f in i te  rates of 

s t ra in  is governed by (1.1)  and the equat ions of mot ion  

/ 0 %  0% , Op* ~ O%) . 

p ( ~i~-}- ~ vi ]  = - -  ~-xk - -  ~ x j  + F k (/, k = t ,  2, 3). ('1.'2) 

Here F k are the projec t ions  of the body force, p is the densi ty ,  and 

p* is the hydrosta t ic  pressure. To ana lyze  the s t ab i l i t y  of the flow 

of a f i lm of th ickness  d f lowing under the act ion of g rav i ty  down a 

p lane  inc l ined  at  a n angle  8 with respect  to the hor izonta l ,  we in t ro-  

duce  the dimensionless  var iab les  

t*k p* x~ 
~=--d- ' P =  ~ '  x =  -d- '  

Z2 811 822 
y = -~- , Sxx --  pk =, sun- -  pk= , 

where g is the a cce l e r a t i on  of g rav i ty .  

Vl ~2 ~ = ~ ,  "= - -K  

Sl= k pgd = sin 
S x u -  pk~" - -  3p. ' 

In the  case  of two-d imens iona I  unsteady flow with F1 = pg sin B, 

F~ = pg cos 8, Fs = 0, Eqs. (1 .1) ,  (1 .2)  t ake  the form 

Ou Ou Ou Op 3 OSxx Osx-u 
o~- + ~ ~ + ~ v = - -~- + - i f +  ~ + -@v ' 

Ov Ov Ov Op 3 ctg ~ Osxv OSxx 
oT + oTu+-Yy ~ = - ~ v  + T + ~-~ + T g '  

2 Ou rOSxx 3sxx OSxx ( Ou 
~=--%~- R 0= -~ i-oF + o T " + o T V + ~ ' . 0 v  

I / Ou Ov l'OSxv 
-~ [ a / -  + ~-~ ~+ N-u ~+ 0. 

o-7 + ~=o n = -6-, ~=  . 

These  equat ions are sat isf ied by the re la t ions  

OV 0y)]. 
@z w 

(1.3) 

3 3v du ~ P~ 3c tg  {3 
S x o ~  R y' S x ~ ~  R dy ' = - - S x x  ~  

1 i + V t - 36~  t 
u ~  l +  V t  - -  3 6 , = ~  + 6 ~ ( V t  - 36T~d = -  V ' ~ ,  

du ~ - - t  J- ] f i  - -  36x~y = 
dy- = 6r=y (1 .4)  

whicb descr ibe tbe s teady flow of a f i lm with a p l ane  s tress-free sur- 

face,  f lowing under g rav i ty  down an inc l ined  p lane ,  with the no-s l ip  
condi t ion  at  the p lane  y = 1 (Fig.  1). 

Fig. 1 

From (1.4) i t  can be seen that  r e c t i l i n e a r  flow of the f i lm is 

possible when r < 1 /6 .  When r = 0, equat ions (1.4)  descr ibe the 
flow of a f i lm  of Newtonian  f luid [4]. 

We expand the  v e l o c i t y  u* (y, r} in a power series of the  sma l l  
pa r ame te r  r ,  and t runcate  the expamion  of each expression in (1 .4)  
after the r 2 t e rm.  The result  is 

3 o 9~ 
sx~~ - -  - -  R y '  Sxx~  - -  sun = -R" Y~' 

3 27 
~o = ~-(l  - y = ) +  T ,= ( !  - ~ ) ,  

du~ (1.5)  
dy ~ - -  3y - -  27v=y a, 

9~ 
p ~  ~ - y = - } -  ~ y .  

2. We proceed to inves t iga te  the s t ab i l i ty  of solution (1 .5)  with 

respect  to two-d imens iona l  per turbat ions.  Consider a two-d imens ion -  

a l  uns teady flow of the form 

u = u ~  x, y), v = v ' ( t ,  z, y), p = p ~  x, y) ,  

Sxx = Sxx ~ + sxx" (t, x, y), Sxy = Sxu ~ + sxy" (t, z, y). (2 .1)  

o 
Here u ~ p~ Sxx ~ Sxy are parameters  of the basic flow (1 .5) ,  and 

u ' ,  Sxx', Sxy', v ' ,  p' are the two-d imens iona l  per turbat ions.  

At  the  t)erturbed free surface y = 7/(t, x) we have  the k i n e m a t i c  

and dynamic  condit ions [4] 

Oq 0,1 
v = ~ / - + u ~ -  d,  

_ r  
Sxx [cos= (v, x) - -  cos= (~, y)] + 2san cos (v, x) cos (v, y) - -  p = ~ Ox=' 

2s,. x cos (v, x) cos (v, y) + sxu [cos= (v, y) - -  cOS = (v, x)] = 0 ,  

(S=  T/pdk=). (2.2) 

Here v is the outer normal  to the fTee surface,  and T is the coe f f i c i en t  

of  surface tension.  
At the surface y = 1 we have  the condi t ions  u' (t, x, 1) = 0, 

v' (t, x, 1) = 0. We l i n e a r i z e  (1 .1) ,  (2 .2) ,  t ak ing  account  o f ( 1 . 5 )  

and (2. I). Introducing the  per turbat ion s t ream funct ion by means  of  

the def ini t ions u' = O~l'/a y, v' = - i } * / ~ x ,  we represent  the per turba-  

t ions in the form 

p' = / (y) e i~(x-cO, s~"  .= sxx* (y) e i~(~-c~ 

�9 (y) e iacv-ct) eie(x-ctl. s:~, = s~,j* , ~ = ~ (y) 

The var iab les  f(y),  ~ (y), Sxx* (y). Sxy* (y) are de te rmined  by the 
system 

~_ j  du~ 
ix (u ~ --  c) - -  ia dyy ~ = - -  in~ !- ia,s q- dsx-dy*, 

d7 . , dsx~.* 
ct=q~ ( .~  - -  c) = - -  Ty Fzas , , .u  - d u  ' 

Bs~,* = O~ \[@ -t- a"-@ -F 
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d~p 6x datp 
Rsxx* = 20aia " ~ -  --  y ~-~ + 

d l ~  27 
+ 9y-~ia (u ~ - -  c) ~ + ~ iw[ly + 3yiaa~ 9 (u ~ - -  c), 

O~ = i - -  xi~ [% ( l  - -  yg) __ cl - -  

__ ~9 [9y9 + 6ilai ( i  - -  y~)~ - -  3ca 9 ( l  - -  ~/~) + agct], 

09 = �9 - -  ~9ir P A  ( l  - -  yg)  _ e l .  ( 2 . 3 )  

This system takes into account  a l l  te rms up to and including ~ .  The  

boundary condi t ions (2 .2)  y ie ld  the re la t inns  

(0) 
T I = ~ e i~(x'et), 

�9 d~ e~(O)  + ~ l R S ~ = O  
2/r [-~'y ]o + 3 ctg ~ c ~ / '  + / ( O ) R  

3q~ (0) ~ , 
B ~-~-i-/i) = ~ (0). (2.4)  

Eliminating f(y) from (2.3), we obtain an equation for ~ (y) 

* 

Here ~xx and s~y have  the  form g iven  in (2 .3) .  

r (" r  / o  

. / 

Fig.  

Using the first equa t ion  in (2 .3 ) ,  we e l i m i n a t e  f(0) from the 

boundary condi t ion (2 .4 ) .  The boundary condi t ion  for equa t ion  (2 .5)  

a t y =  0 i s t h e n  

c - -  ~lt 

+ ~ (~-  3--A r a, 1 + m~, (o)l _ 
2 ] L dy ]o iS J 

[ d~; l 3~(o) * 
- ~ n  L J ' -~ 'o  =~ ~ @-~/9)=~(~ (~.6) 

The  condi t ions  u' ( t ,  x, 1) = v' (t ,  x, 1) = 0 y i e ld  

q~ (1) ~ [~-V ] t  = 0 .  (2.7) 

The  p rob lem of solving (2 .5)  with the boundary condi t ions  (2 .6) ,  

(2 .7)  leads,  as is we l l  known [4], to the prob lem of f inding c = c (R, 

a , ~ , r ) .  
3. To find c = c (R, a ,  8, v )  for sma l l  c~ we expand r and c in 

te rms of the p a r a m e t e r  a :  

(p = q0 ~ + r + ~'(p" + . . . .  c = c ~ -,~ ~c' + =%" -k . . .. (3. I) 
I 

Substi tute (3 .1)  into ( 2 . 5 ) - ( 2 . 7 )  and (2 .3 ) .  For a = 0 we obta in  

,o a ' r  1 - o  " a #  [ ( i  - -  2"tx~) d#  .I = O, L @'  l o -  ' 

 0(0) = o .  
o o - . ,  (3�9 

From (3�9 2) we find [4] the solution to the zeroth approximat ion  

c~ = 3 + B x / i X  2, ~p~ = ( l - - y ) ~ + T s ( g y - - 9 7 / i y ~  +6/1~/~). (3.3) 

The va r i ab le  ~'  (y) is then de te rmined  by the equat ion 

d2 2 d~qfl  ~ dgT~ d2uo 
dy~ I = iR [(u ~ - - c ) ~ / y ~  ( ~ ~  (i --  27x~y ) ~y~J dy 2 

with the boundary condit ions 

t 
co __ s/~ [3ctg ~-t- agRS] (P~ (0) + 

3 dqr ~ 

F 9"l-o [ " ' ] - o .  
cO__.h -I (c~.3/9p k L~-y2jo-- , m' (1)= ~ I 

In tegra t ing  (3 .4) ,  t ak ing  into account  (3 .3)  and the boundary con-  

dit ions (3�9 5), we find 

c" = i (1 + ~7/4X~) [6/sR ( t  + 9 .12x~)  - -  

- -  (i  - -  3.30x~) ctg ~ or 3x - -  I/aRS (i - -  3.30x'~)] �9 (3�9 6) 

Here, as everywhere  else,  we neg l ec t  terms of orders h igher  than  
T 2 . 

For sma l l  a we retain the  two lead ing  te rms  in the expansions.  

We obta in  then  c = c ~ + a c ' ,  where c ~ and c' are g iven  by (3.3)  and 
(3 .6 ) .  Equating the imag ina ry  part of c with zero, we find 

r [6/5R (t + 9. t2r  9 ) -  ( 1 - - 3 . 3 0 ~  9) c t g ~ +  

31r - -  t/at~gRS (t - -  3.30x~)] ~ O. (3 .7)  

For/3 = const,  Eq. (3.7) defines a neutra l  surface in the R, a ,  M 

space .  This surface consists of the  p tane  ct = 0 and the surface 

ABCDE, which intersect  a long the parabola  (Fig.  2) 

R = s/9 e tg  ~ (l  - -  i0.35x =) - -  2�9 (3 .8)  

The  port ion EA of the parabola  (3 .8)  is a branching l ine  of the neutra l  

surface.  
For T = k = 0 we have  in the a ,  R p l ane  a neutra l  curve,  con-  

sist ing of the axis  a = 0 and the l i ne  ED. The  branch point  E defines 

then [4] the m i n i m a l  c r i t i c a l  va lue  R = 5 /6  c tg  8 for S # 0. 

From (3.7)  one can  see tha t  when S ~ O the inequa l i ty  

g < 9/6 ( t  - -  10.35x 9) c tgJ3  - -  2.50~ 

must  hold on the surface ABCDE if (x is to be rea l .  Therefore  for 

sma l l  a the  surface ABCDE cannot  intersect  the a axis�9 

Tak ing  account  of (3 .6)  one can  eas i ly  see tha t  when �9 < 1 /6 ,  

S ~ 0, the values  of c i are  n e g a t i v e  for a > ct 0 (a0 are the values of 

a on the  surface ABCDE) and pos i t ive  for a < ct 0. 

Tak ing  into account  that  k = Ix/G, where G is the e las t ic  shear 
modulus,  we find from (1.3)  that  v is independent  of ~. Therefore ,  

i f  r = 0 because  of  G = ~o, then  for R = 0, /x = ~ we find [4] tha t  the 

surface ABCDE does not in tersect  the a axis in the case S ~ 0. For 

S = 0 the  surface ABCDE intersects  the  a axis at  a = ,o. 

For a Newton ian  fluid (G = ,0) the branch point  E of the neut ra l  

curve  coincides  with the or ig in  for 8 = l r /2 .  For a v i scoe las t i c  fluid 

with G = const ~ 0% the  Reynolds number  is equa l  to zero at  the 

branch point  of the neut ra l  curve when 

x = A = i ] t7 .25 [ - -  2�9 + (6�9 + 2.88 ctg t ~)'/'] tg  ~ .  

Consequent ly ,  in the  case of a Newtonian  f luid the c r i t i c a l  

Reynolds number  is equa l  to zero for flow on a ve r t i ca l  p lane  (8 = lifE), 

whereas  in the case of a v i scoe las t ic  fluid the c r i t i c a l  Reynolds number  

is equa l  to zero for 8 = arc c tg  (3~r). Thus, for e x a m p l e ,  for r = 0 .1  

the c r i t i c a l  Reynolds number  is equa l  to zero for flow along a p l ane  

inc l ined  at  B m 7 3* with respect  to the  hor izon ta l .  

Fig. 2 shows the  neut ra l  surface for the  case  S ~' O. The  equa-  

t ions of mot ion  (1 .3)  have  an exac t  solution,  corresponding to r ec t i -  

l inear  l a m i n a r  flow, for r < 1 /6 ,  and this  flow is s table  with respect  
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to two-dimensional perturbations in the regio n between the planes 
a = 0, r = 0, R = 0 and the surface ABCDE. The plane a = 0 and 
the surface ABCDE are a neutral surface, whose branching line EA is 
an arc of the parabola (3.8) in the plane cr = 0. The parabola has 
an axis parallel to the R axis, and its vertex is at the point F, whose 
coordinates are 

a = 0 ,  R = 0 . 8 3 e t g ~ - 0 1 i 8 t g ~ ,  T 0.i5tg~. 

The flow of a film of viscoelastic fluid is less stable than the 
flow of a Newtonian fluid with the same viscosity. 
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